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Isothermal Hydrodynamics of
Orthorhombic Nematics

U. D. KINI
Raman Research Institute, Bangalore 560080, India

( Received January 30, 1984)

Differential equations governing elastic and flow behaviour of compressible ortho-
rhombic biaxial nematics are derived using the Ericksen-Leslie approach for uniaxial
nematics. The preferred direction of orientation is represented by a mutually orthogonal
triad of unit vectors (directors), each of which is a diad axis of symmetry. The
expression for non-dissipative stress is deduced as a consequence of entropy inequality;
the free energy density is found to satisfy a symmetry relation similar to that for
uniaxial nematics. The expression for viscous stress derived on general symmetry
assumptions depends on 21 viscosity coefficients. Use of the dissipative function
approach reduces this number to 15 via three Onsager relations and three symmetry
relations; the viscous stress becomes identical to that derived by Saupe.? Under uniaxial
symmetry about one director, the expression for the viscous stress reduces to that for a
compressible uniaxial nematic. It seems possible to determine combinations of some of
the viscosity coefficients through the determination of apparent viscosity in shear flow
and plane Poiseuille flow. It also seems reasonable to expect transverse flow effects in
plane Poiseuille flow, similar to those observed for uniaxial nematics.

1. INTRODUCTION

Since the discovery of the biaxial nematic phase in a multicomponent
system by Yu and Saupe,' a number of theories have been proposed?1°
for describing the hydrodynamic behavior of these materials. Out of
these theories, the one given by Saupe? for a compressible biaxial with
local orthorhombic symmetry appears to come closest in approach to
the Ericksen-Leslie theory of uniaxial nematics.!'~1¢ Some of the other
theories® !9 do bear some similarities to one another but are not
discussed here. Saupe starts from the elastic theory of crystals'’ and
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generalises it by introducing degrees of freedom associated with orien-
tational order characterised by a mutually orthonormal triad of vec-
tors a,b, ¢, each of which is a two-fold axis of symmetry. He shows
from symmetry considerations that the free energy of deformation is
determined by a bulk modulus and 15 curvature elastic constants, of
which 3 contribute to surface terms. This conclusion has also been
arrived at in ref. 10. There are three more elastic constants which
describe spontaneous deformation if it is present. Starting from the
dissipative function which is written as a quadratic form in velocity
gradient and velocity of rotation of the director field relative to the
fluid, Saupe further shows that the dissipative stress o;; is described by
15 viscosity coefficients, of which 6 describe viscous torque on the
director field. He suggests experiments involving uniform shear and
magnetic alignment which could help determine combinations of some
of the viscosity coefficients which characterise incompressible flow. He
also studies flow alignment and its stability in certain simple config-
urations.

In this communication a theory describing isothermal hydrody-
namics of biaxial nematics is derived following the Ericksen-Leslie
approach. Symmetry considerations lead to an expression for o/; which
reduces to that for uniaxial nematics. Determination of apparent
viscosity in simple shear and plane Poiseuille flows appears to provide
a way of formally comparing the present approach with the dissipative
function approach. Plane Poiseuille flow seems to have transverse flow
and pressure effects which are reminiscent of those for uniaxial
nematics.

2. CONSERVATION LAWS

The approach adopted in this work closely follows the one given for
uniaxial nematics in ref. 15 and is similar to that of ref. 13 and 14 with
some differences.

We consider a compressible orthorhombic biaxial nematic liquid
crystal at each point x, of which the preferred direction of orientation
is represented by an orthonormal triad of dimensionless unit vectors
a, b, ¢ whose magnitude is assumed to be fixed. Each of a, b, ¢ is a diad
axis of symmetry. Temperature 7T is assumed to be constant.

At time ¢ the conservation laws of mass, linear momentum, energy
and angular momentum as also the biaxial analogues of Oseen’s
equations for a volume V of the fluid bounded by surface 4 can be
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written as,
d
- fyp dv =0 1)
d
Efypv,- dv = prfi dv +56Ao,,. dA, )
d il 1 -
E,/V[Epuivi + pU + 5 Za:ppaa,-ai dv
=f[PfiUi + p3. Ga, dV+¢ o, + Zs{‘d,.] dA
v 2 A 2
()

d .
E./Ve"fk[prvk + praajak] dv
a

= /Veijk[pxjfk +p2La,Gi
a

dv +¢E4eijk[xjok + Za:ajs,‘j] dA
4

d - — a a a

7 ) patidV = [(Ge + g7) v + i, (CP)  (5)

where p is the density, d/dt the material derivative, v, the velocity, f;
the external body force per unit mass, o;, the stress tensor, U the
internal energy per unit mass, o, = o, the surface force per unit area
across a plane whose outward drawn unit normal is ¥;, p, = constant,
the moment of inertia per unit mass, G/ the external director body
force, g/ the intrinsic director body force, 7 the director surface
stress, s;' = mjy; the director surface force per unit area associated
with a and a4, = da,/dt (CP) CP refers to cyclic permutation over
symbols a, b, c and 4, B, C. As will become clear later, all nine of Eqgs.
(5) are not independent.

With Reynold’s transport theorem and Gauss theorem (see for
instance ref. 18), Egs. (1)-(5) can be written as follows:

ptov =0 (6)
pv; = 0 ; + pf; (7)
p.pd; = mi ; + g + pGf (CP) (8)
pU = 0,d,; + L[ miNg — g/N] 9)

Ok +Z[’”f1'(aj,1 - ajg/‘:] = Oy +Z["T{(j’ak,l - akg;] (10)
a da
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where d= (v, ;+v,)/2,0;=(v,;—0,)/2 (11)
N# = a; — wyay, Nj = a; ; — wya ; (CP) (12)

{ H

Eq. (9) is obtained from Eq. (3) by using Eq. (10). N? represents the
velocity of rotation of director a relative to the fluid (CP). Since a, b, ¢,
remain mutually orthonormal, N? (CP) are not independent as is
shown in Appendix I. It is however sufficient to use the relation
describing their dependence for writing the final expression for o).
With S the entropy per unit mass and F = U — TS the Helmholtz free
energy per unit mass, Eq. (9) can be recast to express the rate of
entropy generation and hence the entropy generation inequality:

JiTy

pTS = 0,d,; + 2[NS — gfNF| — pF 2 0 (13)
a

3. CONSTITUTIVE ASSUMPTIONS AND
ENTROPY INEQUALITY

13,19 we assume that F, 0., 72

Adopting the principle of equipresence iis it
g{ (CP) are single valued functions of the variables p, v; ;, a;, a; 4, 4;
(CP). It is possible to rewrite the list of independent variables by using
Egs. (11) and (12). However by the principle of material frame
indifference!>'® material properties are indifferent to the frame of
reference or the observer. In order that this principle may be satisfied,
the dependent variables have to be expressed as tensor functions of
the independent variables which should themselves transform as tensors
under general, time dependent changes of frame. This implies replac-
ing 4, by N7 (CP) and v, ; by d;;; w,; is excluded from the list of
variables'®> as it can be varied arbitrarily by superposed rigid body
rotations. Thus the independent variables are

P, dij’ai’ai,k’ N/ (CP) (14)

Eqgs. (1)-(5) show that external body forces f;, G (CP) can be varied
arbitrarily. Hence there is no restriction on the choice of the quantities
(14) or their material and spatial derivatives. Using the chain rule of
differential calculus to expand F, the inequality (13) can be written in
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the form
pTS =d,;|a; + 8,0* 0F/3p + p)a; , 9F/day
a
+ L Ng[mi ~ 9F/3a, ;] - LN?[gf + 9F/da]
a a
+w, [pak dF/da; + pay ;0F/da; ; + pa; 3F/3aj,i]
a

~pY. N¢dF/dN7 — pd,, dF/dd,; > 0 (15)

Since d,;, N? (CP) can be chosen arbitrarily

dF/dd,;; = 0, dF/dN? = 0 (CP) (16)
Thus F is a function of p, a,, a; ; (CP). Since the vorticity tensor w, y
can be varied arbitrarily by superposed rigid rotations, it should not

appear in (16). Hence the coefficient of w,; has to be symmetric and F
should satisfy the condition

Y |ay3F/da, + a; ;3F/da, ;+ a; , 0F/da, |

a

=Y [a,9F/3a;, + a, ;0F/0a, ; +a, ,9F/3a,

(17)

The inequality (15) now becomes
pTS = di;lo; + p28,-j aF/dp + pZak,i dF/da, ;
a
+ LNS[m - 0F/9a, | - LN (g7 + 0F/9a] 20 (18)
a a

Let the stress and intrinsic body force be written in the form

o; =0 +aj, g = g* + g (CP) (19)
where the superscript 0 denotes the isothermal static deformation
value and the prime the non-equilibrium or dissipative part. We desist
from writing a similar expression for 7 (CP) which can be shown to

have only an equilibrium part.



Downloaded by [Tomsk State University of Control Systems and Radio] at 13:26 20 February 2013

76 U. D. KINI

From Eqgs. (18) and (19)
oj? = _p28ij IF/dp — p2ay,,; dF/day ;
a

g° = —p dF/da,(CP),n = u3° = p F/da, ;(CP) (20)

Ji Ji

The expression for equilibrium stress derived as a consequence of
the entropy generation inequality is similar to that of ref. 2. Inequality
(18) now becomes

oTS = g/d,, — Tg/Ne 2 0 (21)
a

Using Eqgs. (12), (17), and (19) one gets

Ok = Oj = Z [gia,ak - gl?/ai] (22)
a

which expresses the viscous torque exerted on the director field.
Substituting for g?’ from Eq. (8), one can write the balance between
the viscous torque, the elastic torque (determined by F) and the
director angular acceleration

O = Ojf = Z [ak{ppaéi - '”fxz] - giao - PGia}
a
—a{ ooy~ mg,; - 82— 0Gi )| (23)

Eq. (23) clearly indicates that out of the nine equations (8), only three are
independent. These three, along with the force equation (7) should help
determine three components of velocity and three quantities (say
angles) which uniquely specify the director field a,b,c. Also =7, g/
(CP) are not uniquely specified since the transformations

giaO - g0+ Yol — lBjaai,j (CP)
7 = i + Bfa; (CP)

Y, = constant,  B7 = constant (CP) (24)

leave Eq. (23) unaffected.
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4. FREE ENERGY AND DISSIPATIVE PART OF THE
STRESS TENSOR

The fluid under study is an orthorhombic biaxial nematic. Each of
a, b, ¢ is a diad axis of symmetry. Motivated by the theory for uniaxial
nematics,'> we assume the following transformations which leave Eqgs.
(6)—(8) and the inequality (21) unaltered:

a b b c c

T = — W, Wy —> — T,

v; = Tji i > Tji Tji

a
; FoFani—-mn

i

Ui 0 = Oy,

g~ gl gt > —gl gf > —gf,G! > GG > -G},
G - —G* (CP)

if a b, —

i a;, b~ —b,c; > —¢;(CP) (25)
In addition we assume that the constitutive equations are invariant
under reflections through planes containing any two of the (local)
director axes. This excludes biaxial liquid crystals having spontanecous
deformation. Following Saupe? (whose approach is similar to that of

Frank?®) one finds that
1 1
pF=F + EA(“H)Z + EZ [kaa(aibk,ick)z + kab(aiak,ibk)2
a

2
+kac(aiak, ick) + anb(aiak,ibjbk,j)

+2ko,(a,a,,; — akai,i)sk] (26)

where A (dyne cm™?) is the bulk modulus, u;; the compressional strain,
Kaas Kaps Kaer €aps Koq (CP, dyne) curvature elastic constants of which

aa’

k,, contribute to surface terms. Positive definiteness of F implies that

kaa 20,ky20,k,. 20,k ky, — 4k(%c = 0,
kbckac - (2k00 - Cab)2 >0 (CP)’
kaakbbkcc - 16k0ak0bk0c - 4Zkaakga 20,A20 (27)

F identically satisfies Eq. (17) which was derived on the basis of the
positive definiteness of entropy generation and on the independence
of entropy generation on rigid body rotations of the entire system.
Expressions for oj?, L g% (CP) calculated from Egs. (20) and (26)
satisfy Eq. (25). It has been shown by Saupe? that Eq. (26) reduces to

T
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Frank’s expression of the free energy of a uniaxial nematic®® when
uniaxial symmetry is assumed.

It is possible to arrive at Eq. (26) in a number of different ways.
One can expand F tensorially up to second order in director gradients
and elastic strain u,; as

_ 1 b
F=F+ Agj}cluijukl + EAngIai,jak,l + ZAka a;, by
a a

+ ZBi(ﬁc)lai,j“kl + Zci(ja)ai,j
a a

where the different tensors 4, B,C are expanded in terms of
8, ay, by, c,, and satisfy orthorhombic symmetry as per Eq. (25). All
the scalars formed from the director vectors and their gradients can be
expressed in terms of the 15 quantities in Eq. (26).

A simpler way of writing the curvature elastic part of Eq. (26) is to
construct all scalars using a,b,c¢ and their gradients such that each
scalar contains the gradients to first power. There are 27 such quanti-
ties out of which 9 are identically zero since a, b, ¢ are unit vectors. Qut
of the remaining 18, nine are independent since the director vectors
are mutually perpendicular. Using these 9 scalars such as (a;b, ;c;),
we can form 45 products. Each product contains director gradients to
second power. F can now be written as a linear superposition of these
quantities. It is clear that if the material is triclinic, all the 45 terms are
admissible and such a material would have 45 elastic constants.?! If
the material has monoclinic symmetry, only 25 out of the 45 terms are
admissible; such a material would be described by 25 elastic
constants.”! For an orthorhombic material only 15 terms remain and
these can be easily recast into the form given in Eq. (26).

The derivation of surface terms can be done on the lines suggested
by FEricksen?® for a uniaxial nematic. A general surface term can be
written in the form [V;W, ;, — XY, ;],, where V,W, X, Y are chosen
from (a, b, ¢). Out of the 45 independent terms, only six are admissi-
ble as they do not contain second derivatives. Thus a triclinic has 6
surface terms while a monoclinic nematic has 4 admissible terms.*!
For orthorhombic symmetry one is left with the three surface terms
which appear in Eq. (26).

As assumed earlier, dissipation due to time rate of change of
director gradients is ignored. With this in mind we assume that o},
and g/ (CP) are functions of d;;, a, and N/ (CP) and ignore
dependence on a; , (CP). We further restrict dependence on the
dissipative forces d;; and N7 to first order. Following Ericksen'! we
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write expansions of the form

o= AD + DAGNE + A
g = Bi(ao) + ZBi(ja)j\'}a + i[;'k djk (Cp) (28)
a

where the tensors A, B, C satisfy certain symmetries as per Eq. (25)
and are functions of a, (CP). These tensors are expanded in the basis
6;; and a, (CP). At this stage it is convenient to introduce N which
represents rotation of the director fields a, b, ¢ relative to the fluid. As
shown in Appendix I,

N, =Z(Nkbck)ai or N, = QZ[Zblckai (29)

where Qf, = —Q7 represents the rotation. From Egs. (25), (28) and
(29) one finds

o =8, [qA4, + a,B, + a;C,] + a,a;[a4B, + a5C_]
+bblagd, + a;C.] + ¢ic;[agd, + agB,]
+a;b[agNie, + a4, ]
+ab[a; Nie, + a34,] + bie[o4Na, + oy5B,]
+bic;[agNyay + ay4B,]
tea,[agNeb, + ay0A,.] + c,a;[ayNeb + ay4,],

g8 = NONbib + NP (b4, — ¢,A4.) + NPNbye,
+A? d,a, (CP) (30)
where «; and A(*) are material constants having dimensions of viscosity

and by Eq. (14) are functions of p; A, = a,d,,a,, A, = B, =a,d b

rerses
(CP). A term @8, + a3a,a; + ayb;b; + a;5¢,¢; contributed by A
is left out in anticipation of the positive definiteness of entropy
generation.” This also implies that when the dissipative forces d ;; and
N, are zero, the dissipative part of stress is also zero. By Eq. (22) the
A are not all independent but satisfy the relations

ap = ap + XY — NP =0,
P VR VY
@y = oy + AP — AP =0,
a5 = a7 + AP — AP = AP~ AP =0,
ag — o + A — AP =0,
a9 =y + AP = AP — AP - AP =0 (31)

79
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Thus combinations of the A{” determine the viscous torque and these
combinations are all determined by different combinations of a; so
that the viscous torque can be expressed in terms of the a; alone. As
can be seen Eq. (30) shows that ¢/, is determined by 21 constants while
in the theory developed by Saupe it is determined by 15 viscosity
coefficients. The reason for this difference becomes clear once the
dissipative function approach is adopted (Section 5).

Eq. (30) can also be derived by expressing oj; as a linear sum of
tensor products formed from d,;, a,, N/ (CP) and by using Egs. (25)
and (29). One finds 54 terms of the form VW (U, d,,K,) and 27 terms
of the form VW,(N, X,) where U, ¥, W, X are chosen from (a, b, ¢).
Orthorhombic symmetry is satisfied by 15 terms from the first set and
by 6 terms from the second set. A linear superposition again results in
a;; of Eq. (30).

5. APPLICATION OF ONSAGER RECIPROCITY RELATIONS
(ORR) AND THE DISSIPATIVE FUNCTION APPROACH

Using Eqgs. (29), (30) and (31) the rate of entropy generation can be
expressed as

PTS.= 20 = o dy + of U (32)

where o}, and o}, are the symmetric and antisymmetric parts of o;, and

¢ the dissipative function. Following the traditional path!*1¢ we treat
d,, and Q7 as forces and o}, and o/, as fluxes such that
%= Dd,.+ DRSE,  of = Dd, + D
whence by ORR
D@ = DO, (33)

jirs rsji

Using Eq. (33) one finds that

D = L (ayg + ayy) + Lis(ayq + ag) + L5i (eqg + @)

Jjirs ‘jirs
3) . yab b
Dy = L& (ay; — ay3) + LE (a5 — 1) + Lt (g — ay) (34)
Eqgs. (33) and (34) result in three Onsager relations
Qg+ ap = a3 — oay; Q4+ ag = oy — oys;

Gt @y = ay — agg (35)
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This reduces the number of independent a; from 21 to 18. Thus mere
application of ORR does not bring about formal accord between o,
given by Eq. (30) and that given in ref. 2. In order to achieve this we
start with the expression for entropy generation. With Egs. (30), (31),
(29) and (21)
20 = B4 + B A, B, + By B; + ByB,C, + BsC?
+Bs4,C. + B;Nec A,
+PBs Ay + ByNyay B, + BioB2 + By Niby A, + By A2
+B13(Near)’ + Bra(Neby ) + Bys(Neer)’ (36)

where, using the definitions of n’s from ref. 2,

Br= o = Mgua; Bo=ay + oyt oyt ag = 215

By = ay = Myppp; Bi=ay+ a3+ a; + ag = 2m,;

Bs=a3=m.; Bs=otastas+ag=2n..
By == ay +apt ooy =2y By =ty = g0
Bs = a1y — ays + g + a7 = 29, Bio = a5 + ayy = 41y
Bin = o1 — g+ oy + @y = 2¥hees  Bra = g+ @y = A1
Bis = a6 — @14 = Yau5 Bia = a0 — G153 = Ypp;

Bis = ay; — o4 = Y5 (37)

As can be seen the 15 ’s of ref. (2) can be written as combinations of
;. However, all «; cannot be calculated from Eq. (37). In order to do
this we proceed as follows:

We now calculate the dissipative stress” oj,-D from

oj? = ‘7j?s + ajiDa = a(p/adij + a‘P/a"-’ij (38)
and demand that
D=g (39)

where o; is given by Eq. (30). [In Appendix II we show that this
approach leads to the Parodi relation for uniaxial nematics. In addi-
tion we derive another equation which is the uniaxial analogue of Eq.
(40) which is derived below. As mentioned in ref. 24, the stress o, is

always indeterminate to an additive term §;; such that ¢, 4, = 0. This

81
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may mean that stress is actually never fully determined and thus Eq.
(39) may not be strictly correct. However, the intention of this exercise
is to show that if one adopts a procedure which is detailed in Egs. (38)
and (39), one can find the necessary additional equations which enable
a complete formal comparison between the two approaches. It may be
mentioned here that 02* = d¢/dw,, = —dgp/IR],. This definition is
useful for constructing the stress tensor for dissipative relaxation of
the director field involving no material flow.]

Egs. (38) and (39) result in 21 equations of which only six are
independent.

a, + a,=a; + ag, a +ag = a; + as,
o+ ag=a;+ a, (40)
a oy = a3 oay, ay t g = 0y — @5,
ag t ayy = 0ty — g (41)

Eq. (41) is ORR Eq. (35) which is recovered once more from the
dissipative function approach. But Eq. (40) represents a different set
of relationships. They correspond to additional equations which have
to be satisfied by the viscosity coefficients if they are to form tensors;
and also if these tensors should satisfy symmetry requirements. As is
clear, the 15 B; of Eq. (37) correspond to the 15 viscosity coefficients
in Saupe’s theory. Saupe? starts with an expansion of ¢ in terms of the
dissipative forces d;, and N, and imposes orthorhombic symmetry on
the viscosity tensors which connect the dissipative function with the
dissipative forces. He obtains 15 independent quantities. However, in
the present work, using the transformations (25), one gets an expres-
sion for ¢, which contains six more constants than o], of Saupe’s
theory. When the dissipative function approach is imposed on o/; it
results in ORR (which is in built) and additional relations (40) which
force symmetry requirements on viscosity. Eq. (40) is independent of
ORR because it relates viscosities which determine dependence of o}’
on d; ;.

Thzjlt there are 15 constants in Eq. (36) for ¢, can be understood by
the following considerations. Noting that ¢ is a quadratic form
constructed out of a,, b;, ¢, d,,, and N, we can construct ¢ from the
products of the nine scalar quantities 4,, B,, C,, 4,, B., 4, (corre-
sponding to the six independent components of d,;} and Nya,, N, b,,
N,c, (corresponding to the three independent components of ;). Out
of the 45 products so obtained, only the 15 which occur in Eq. (36) are
found to be admissible under orthorhombic symmetry.
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With Eqgs. (40) and (41) one can write the following relations
between a;, B; and the n’s of Saupe’s theory:

a; = By = Nagaas a = B3 = Myppps a3 = Bs = Neeees
oty =+ ag = Br/2 = Naapp; ay + a3 = By = Mapass
ay+ta;=ay+ ag = B/2 = My a5 + ;= Bio = Myepes
ay +as =0+ og=Be/2 = Ncch0 a t+ a21 = Bz = Meas

g 0 = a7 = a5 = Bo/2 = Yapcs e = 4 = B13 = Yaos

apg + ey = 0y — a9 = B11/2 = Yy Q2 =B = Ybb’

ap T o = a3 — oy = B/2 = Yeaps o — @y = Bys =
(42)

With Eq. (42), Eq. (30) can be recast into the form proposed by
Saupe?

1
EZ[naaaaAaaij + aiaj{naaaadkk + Bb(znaabb ~ Nagaa ~ nbbbb)
a
+Cc(2nccaa ~ Neece — naaaa)}
+a'b'{(4nabab + Ycab)Ab + ]Vlcl(Ycab + ch)}
ta; bI {(4nabab Ycab)Ab + NICI(Ycab ch)}] (43)

As can be seen, Eq. (43) satisfies transformations (25). However, if we
construct a stress tensor which satisfies transformations (25), we get a
different expression for stress. Taking a clue from Eq. (42), we can
recast Eq. (30) into the form

1 ,
aji = EZ[naaaaAaaij + aiaj{n(maadkk + Bb(znaabb ~ Naaaa ~ nbbbb)
a

+ CL'(ZT'ccaa ~ Nagaa ~ ncccc)}
+aibj{(4nabab + Ycab)Ab +(Yc,ah + YCC)N/CI}
+ajbi {(4nahah - Ycab)Ab +(‘Yéab - ch)jvlcl}] )

&y + G4 = Myupps oy + oy = Ny

o + ag = Ncaqs o+ 0 = Nyupp

o + Qg = Nobees a; + as = nccaa’
Q3 = A = Yeaps Q17— 015 = Yape
Q3 ~ A9 = Ypeqs ap + @ = Yegps

Qg+ U = Yopes a3 + @0 = Yheq (44)
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The rest of the definitions are as in Eq. (42). Transition to Saupe’s
theory is made by equating the primed quantities to the corresponding
unprimed ones. The above form of o;; has been given only for writing
it in a compact form; no assertion is made that the different viscosity
coefficients form tensors. Though v,,. and y/,. both determine en-
tropy generation, only vy, enters into the expression for viscous
torque, whose expression is formally identical to that given in ref. 2.

Positive definiteness of entropy generation requires that the viscos-
ity coefficients satisfy the following inequalities

;o1
Z naaaa(nbbcc + nbbcc) Y {4naaaanbbbbncccc
3

a

+(naabb + n;abb)(nbbcc + n/bbcc)(nccaa + n’ccaa)}] = O’
Naaaa = 0; Yaa 2 0; Nabab = O;

47’abab.ch - (Ycab + Yc"ab)2/4 2 0 (CP) (45)

The inequalities for Eq. (43) can be written by equating primed and
unprimed quantities.

6. o, FOR A UNIAXIAL NEMATIC

Saupe? has shown that ¢ for a biaxial nematic reduces to that of a
uniaxial nematic when uniaxial symmetry is imposed about one direc-
tor field, say a. (Mention of a similar change for F has already been
made in section 4.) For ¢ given by Eq. (36) Saupe? obtains the
following relations:

Nobbb = Necees Naabb = Neeaas
Nabab = Ncacas Yob = Yecs Yoca = T Yeabs
Nobee — Mosbs = ~ 2Mbebes Yaa = 0 = Yape (46)
P1 = Mppees P2 = P3 = NMaaby — Mbbecs Ba = 2Mpepcs
B = Magaa + Mosss — 2Maass — MMavass B2 = = (Yop + Yoca) /25
rs = (Yop = Ypca)/2; ts = (Yoea = 2Mpeve) /25
s = — (Yoca + 2Mpenc) /2 (47)

The Parodi relation is naturally satisfied. The only difference from
general forms of o, for uniaxial nematics'™-**** is that out of the three
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viscosities p;, p,, p; the last two are equal. This seems to agree with
the compressible part of o}; given by Forster et al.*’

We find that it is possible to obtain Eqs. (46) and (47) from Eq. (43)
without resorting to the dissipative function but by assuming uniaxial
symmetry about a and by demanding that o; remain unaltered by
arbitrary rotations about a. By demanding that b and ¢ are equivalent
and that o; should be independent of b and ¢ one can deduce Eqgs. (46)
and (47).

The same procedure is adopted for o/, given by Eq. (44) and the
following relations are obtained

Novby = Mecees T’:mbb = Necans Nabab = Necacas
Yoo = Yeer  Yeab = ~Yhea
Yeab = ~ Ybca? Nbbee = n’bbcc; T',ccaa = Naabb>
Yaa = 0 = Yabe = Yabes Nobee — Mobbs = ~ 2Mpches
P = nbbcc; P2 = Necaa — nbbcc;
P3 = Taabb ~ Mbbees B = Maaaa + Mosbb ~ Naabb ~ Maasb ~ HMabab’

by = _(Ybb + Yl;ca)/Z; By = (Ybb - YI;ca)/Z; by = ancbc;
bs = (cha - znbcbc)/Z; He = -(cha + ancbc)/z (48)

The differences between Egs. (47) and (48) are (i) p, and p, are not
equal in general. They become equal only if an additional condition
Noans = Naaps 18 imposed. If this is done, the expressions for p; in Eqgs.
(47) and (48) will also become identical. (ii) ORR or the Parodi
relation is not satisfied unless 5., = ¥;,- Thus o, given by Eq. (44)
reduces to a general expression for o, for uniaxial nematics.'>>2¢
Before concluding this section it must be mentioned that an inter-
change of the definitions of primed and unprimed quantities given in
Eq. (44) leaves o;; formally unaltered; the present definition ensures
that the viscous torque in the present picture is described by an
expression which is formally identical to that given in ref. 2.

7. SOME SIMPLE FLOWS

We consider simple flows whose apparent viscosity can help determine
some combinations of viscosity coefficients. We start with simple
shear flow>!® between plates z = +A with constant director align-
ment a = (a,, a,, a,) (CP) at all points of the sample. This may be
possible at low shear rates with magnetic field and wall alignment. For
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a general velocity profile v = (v,(2), v,(2),0), Egs. (7) and (44) be-
come

Oz,x = lex,z + JZUy,z = | = constant;

[— j— = . =
o, = v, . + Jyu, , = r, = constant; P:= [Jsvx,z + Jﬁv,,z]‘z

zy
Jl =Z[axaszbz(l:;1b + Gab) + azb)%Dab + a)%bzzEab]
a

xYyY%zab

J =Z[axazbyszab +a,a,b,bG,, + b,b,a’D,, + axaybea,,]
a

J,=Y|a,a,b,b,F,, + a,a,bbG,, + bb,a’D,, + a,a bE,]
a

x¥z¥yYMab z™ab z~ab

J,=Y|a,a,bb,(F, + G,) + a2bE,, + a2bD,,|
a

z7y 7z yYz™ab

J5=3aaC, + bbH,] Js =Z[ayazcab + byszab]
a a
2C = Nagaa + bzz(znaabb = Movse — Maaaa T Mapas)
4D,y = Mapap + Yee = Yeab ~ Yiabs
4E,, = Mapap + Yoo T Year T Vs
2F, = 2Moupb ~ Maaaa ~ Mobbs + 2Mapab — Yeo/2 + (Yeap = Yian)/2
2G,y = 2Muups ~ Nucaa — Movss + 2Mabas = Yee/2 F (Year = Yean)/2

2H,, = a?[zn:zabb ~ Nagaa ~ Moove T 4"labab] (CP) (49)

For plates z = +h which are sliding along +x with velocities + V /2,
no slip at the boundaries requires that v,(+h) = £V/2, v,(+h) = 0.
From Eq. (49) one immediately finds that the shear rate v, , = V/2h
= constant, v, = 0 and p = constant. But there is a net transverse
shear stress

azly =r=ndh/h (50)
The apparent viscosity is given by
n= oz,x/vx,z = Jl (51)

J, reduces to the expression which is given by Saupe.” Measurement of
J, in different configurations should, in principle yield values of

2( Naabb + n,aabb ~ Naaaa ~ nbbbb) + (4nabab - ch)’
47’abab t Yees Yeab + Yc,ab (CP) (52)

Plane Poiseuille flow is more interesting. On the basis of earlier
experiments on uniaxial nematics demonstrating transverse flow and
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pressure effects®® we integrate Eq. (7) to get

lex,z + JZUy,z = p,xZ; J3vx,z + J4vy,z = p,yz (53)

where v, (+h) =0 =v,(1h) and p , = constant, p , = constant are
the pressure grad1ents along xandy respectlvely Eq. (53) shows that a
pressure difference along x can generate one along y and vice versa,
for general director orientation. Eqg. (53) along with the boundary
conditions on the two velocity components results in

Uy = (J4p,x - ‘IZP.y)(Z2 - hz)/ZA
v, = (Lo, —hp )22 = k)28 A=JJ,—0J, (54)

For wide enough rectangular capillaries, it may be possible to observe
diversion of flow lines towards y when p , is impressed on the fluid.
However if transverse flow v, is frustrated in a narrow capillary, the
transverse pressure difference per unit width

py=J3p,x/J1 (55)

Apparent viscosity is again J;. It can be checked from Egs. (49) and
(55) that p , vanishes when the director orientation is symmetrical
relative to the flow direction. [For example, a = (1,0,0),b = (0,1,0)].
This also holds for Eq. (50) which describes the transverse shear stress
in simple shear flow. Determination of p , for general orientations
may help a separate determination of F,, and G,;, (CP). According to
the dissipative function approach, F,, = G,, (CP). Thus a study of
plane Poiseuille flow may help in a formal comparison of the dissipa-
tive function approach with the approach which is adopted in this
work,

General flow alignment of a biaxial nematic under simple shear is a
complex problem. One can however consider special cases as done by
Saupe? where one director vector is normal to the shear plane and the
other two directors are in the shear plane. It is possible to find out the
condition under which flow can align the two directors in the flow
plane; one can also study the stability of flow alignment. Since the
viscous torque expression is identical in the two pictures, one gets the
same conditions for flow alignment. However since the total viscous
stress is different in the two pictures one may get a different condition
for stability of the flow alignment in the present picture. A complete
treatment of stability would involve inclusion of elastic torques. This
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as well as the roles played by the different viscosities in determining
the viscous torque will be considered separately. Shear and plane
Poiseuille flows help determine only certain combinations of viscosi-
ties. It may be necessary to study other situations such as back flow
under director field relaxation, effect of a rotating magnetic field,
propagation of compressional waves etc. to get a more complete
understanding of the other viscosity coefficients.

Improvements of the present approach will involve considering
change of director magnitude and the effect of temperature gradients.!3
It also seems interesting to study the Saupe and the Ericksen—Leslie
approaches for the other two classes of biaxial symmetries—mono-
clinic and triclinic.”!
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APPENDIX |

Velocity of Rotation N of the director field a, b, ¢ relative to the fluid

Since N is perpendicular to a;, Nfa, = 0 or
N =Q%a,; withQ} = —-QF, (A1)

H

where Q] represents rotation of a; relative to the fluid. Since a;, b}, ¢,

are orthonormal, @7, should represent the rotations of b, and c,
relative to the fluid. Hence

NP = Qfiby; N = Qe (A2)
Since Nfa; = 0, N{ lies in the (b, ¢) plane so that
RS =Nfa,=0; R{=Nb; Ri=Ni,(CP) (A3)
Since a;b; = 0 (CP),
5= —R;(CP) (Ad4)
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In the principal axes frame (a;, b;, ¢;), Eqs. (Al) can be written as

i J,

= Q&Aa)\ ﬂfa’ Q?}\ = Rz‘(A, E =da, b, C) (AS)

The axial vector N, which represents the rotational velocity of the
director field relative to the fluid is defined by

N, = jeropRE = SerapSha (A6)
From (A3), (A4) and (A6) one can write in frame indifferent notation

N= Z(Nb c)a= QLZ bica; (A7)

APPENDIX Il

The Dissipative Function Approach for Uniaxial Nematics

Following ref. 15, the entropy generation per unit volume per unit
time for a compressible nematic liquid crystal under flow is given by

pTS = td;; — gN =29 (B1)
where
L= [pl‘sijdkk + pZninjdkk] + 38 (dyynyn;)
+F"1(dkm"k”m)”i”j + pon;N, + pyn N, + M4dij
+usndyn, + pgndyn,  (ref. 30.)
N’=h’—w’knk, _AN+A dljn_]’
Ay =y — B, >\2=l‘5 ~ K (B2)

Using Eq. (B2), Eq. (B1) can be written as

2
29 = pydyd; +(p, + pS)dlldkpnknp + ""l(dkpnknp)

+l"‘4 Pq pq +(p‘2 + ”‘3 “"5 + ,'l'é)dpqnpN

+ (s + ws)(dygn d,n,) = A NN, (B3)

pqg g prr

Following ref. 2, we define the dissipative stress as

=1 +12"=99/0d,, + d9/dw,, (B4)
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Egs. (B3) and (B4) reduce to

tjli) = pdud; +(py + p3)8ijdkpnknp/2 +(p, + P3)d/1"f"j/2
+mdnenynn; + Bad;; + "jNi(3H2 ~ p3 — s t pg)/4
+"iNj(3ﬂ3 — By st /"6)/4
+njdiknk(3l~“5 + e — By — B3)/4
+nidjknk(3p‘6 +us + py +ops)/4 (B5)

If we demand that ¢/, = ¢ 2 we get two equations:
Bat B3 = B~ Bs (B6)

which is Parodi’s relation and

P2 = P3 (B7)

which is similar to Eq. (40) for a biaxial nematic. [Formally identical
results are obtained by using the definition ¢ f,-’“ = —do/ 895 where
N=9%Tn]

i J

i)
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